Abstract. It is shown that a smectic A droplet deposited on a solid substrate treated for strong homeotropic anchoring is faceted at the top in spite of the fact that there are no steps at the free surface, but instead edge dislocations in the bulk. The radius of the facet and the full profile of the curved part of the droplet are determined as a function of the temperature in the vicinity of a nematic-smectic A phase transition. It is shown that the observed profiles do not correspond to the actual equilibrium shape, but to metastable configurations close to their point of marginal stability. In addition, we predict that the profiles must be different for a given temperature depending on whether the droplet has been heated or cooled down to reach this temperature. Finally, we discuss the problem of the formation of giant dislocations in big droplets (Grandjean terraces).
Introduction
The equilibrium shape of a crystal is obtained by minimizing its total surface energy. This procedure leads to the well-known Wulff construction according to which the equilibrium shape is the pedal of the polar plot of the surface energy γ(θ, ϕ) (with (θ, ϕ) the angles defining the orientation of the surface element with respect to the underlying crystal lattice [1, 2] ). In three-dimensional crystals, this construction leads to faceted shapes, with the size and the number of facets decreasing when the temperature increases. Such shapes were observed by scanning electron microscopy in micron-sized crystals of ordinary metals such as lead [3] , silicon [4], or silver [5] . Large He 4 crystals (i.e., of centimetric size) are also faceted, with the advantage of equilibrating much faster than the former due to their quantum nature (atoms can go through energy barriers by tunneling effect) [6] . Faceted shapes were also observed in soft matter, in particular in the Blue Phases of cholesteric liquid crystals [7] [8] [9] , in the smectic B plastic crystals [10, 11] , and in the cubic phases of the lyotropic systems [12] [13] [14] [15] . Although we are dealing with monocrystals in all these examples, the real question is always to know whether the shapes observed experimentally are at equilibrium (in a stable or a metastable state), or result from some growth processes. This delicate problem will be discussed in detail in this article. a e-mail: Patrick.Oswald@ens-lyon.fr Faceted droplets were also observed in smectic A liquid crystals which are one-dimensional crystals (the rod-like molecules form fluid layers which pile up on each other). In that case, the droplets are deposited on solid substrates treated for homeotropic anchoring. Although first observations of faceting in smectic A are old [16] [17] [18] , precise determination of droplet profiles as a function of temperature close to a nematic phase or an isotropic liquid is 442 The European Physical Journal E relatively recent [19, 20] . The main findings of these experimental studies can be summarized as follows:
1. Each droplet shows a single facet parallel to the substrate ( Fig. 1) , whose size increases when the temperature decreases.
2. The curved part of the droplet surface joins tangentially onto the facet.
3. All the attempts to fit the experimental profiles to a power law of type (ρ − r f ) ν , with ρ the radius in polar coordinates and r f the facet radius, led to an exponent ν ranging typically between 1 and 2.5, depending on the temperature and the "angular window" of the fit. These large variations suggest that a power law is certainly not a good choice.
4. For a given temperature, the facet radius depends on the thermal history of the droplet. More precisely, the facet is systematically larger after heating than after cooling from the high-temperature phase (i.e., the nematic phase or the isotropic liquid, depending on the material).
5. Finally, the facet size stabilizes much faster after cooling (within a few seconds or minutes, typically) than after heating: in that case, many hours or even days are necessary to reach a stable shape with a facet generally larger than that observed by direct cooling from the nematic or the isotropic liquid.
To explain these observations, we used in ref.
[21] the terrace-ledge-kink model (or TLK model) according to which the layers are strictly parallel to the solid surface and emerge at the free surface by forming steps. This classical model predicts that a facet forms at the top of the droplet and matches tangentially the curved part of the droplet surface. This particular matching comes from the fact that the steps repulse with a 1/d 2 -law, which, in smectic A, is only due to their entropic interactions (d is the distance between two steps), their elastic interactions being completely negligible because of the fluidity of the layers. This generic interaction leads to profiles of type (ρ − r f ) ν , with the universal exponent ν = 3/2, in profound disagreement with experiments.
In the same article, we developed an alternative model, in which steps were replaced by bulk dislocations. A direct consequence was that the top smectic layer was bent parallel to the free surface. It turns out that this model was more reasonable than the TLK model because we know both theoretically [22] and experimentally (for a review, see [11] ) that in smectic A, edge dislocations are repulsed by the free surface, a point we detail in reference [23] . On the other hand, we assumed without any justification, that the droplet had the shape of a spherical cap. In this article, we show that this affirmation was wrong and that this model can explain as well the existence of faceted droplets.
The plan of the article is as follows. In Section 2, we recall the basics of the model and calculate the droplet energy and its general profile. In Section 3, we show the existence of two facet radii corresponding to two extrema of the total energy. In Section 4, we demonstrate that the smaller radius corresponds to the critical radius of the facet while the other, twice larger, corresponds to the equilibrium radius of the facet. We also show that all the droplets whose facet radius is larger than the critical radius are metastable. We thus conclude that the facet radius measured experimentally after cooling down the droplet from the nematic or the isotropic phases is the critical radius. In Section 5, we calculate the profile of a droplet at the critical radius as a function of the temperature close to a second-order smectic A-nematic phase transition and we compare with experiments. We then analyze in Section 6 how the facet radius changes in time when the temperature is again increased. A criterion of marginal stability is proposed to explain why the facet radius again increases in spite of the fact that the droplet height is blocked. In Section 7, we discuss the stability of the droplets with respect to the formation of giant dislocations. This mechanism allows us to explain the formation of the so-called Grandjean terraces in big droplets. Finally, some concluding remarks are drawn in Section 8.
Energy of a faceted droplet and general surface profile
The droplet configuration is recalled in Figure 2 . It has the circular symmetry around the z-axis perpendicular to the substrate treated for homeotropic anchoring. Because the dislocations are repelled by both the substrate and the free surface, the dislocations are distributed throughout the bulk in order to accommodate the macroscospic faceted shape. In the following, we denote by r g the droplet radius at the substrate, by r f the facet radius, by c f the matching angle between the facet and the curved part of the droplet surface, and by V the droplet volume, supposed to be constant.
In order to calculate the macroscopic droplet profile h(ρ) (with ρ the radius in polar coordinates), we need to minimize the total energy e of the droplet. The latter contains two terms:
1. A surface term coming from the different surface energies γ, γ SL , and γ SA between, respectively, the liquid crystal and the air, the substrate and the liquid crystal, and the substrate and the air.
2. A bulk term due to the presence of the dislocations, which roughly sit at mid-distance between the solid and the free surfaces, as shown in reference [23] .
Let E d be the energy of a dislocation per unit length and b its Burgers vector (which we assume to be equal to the layer thickness d for the moment). A straightforward calculation, similar to that already used to calculate the profile of a meniscus surrounding a free-standing
